Summary. -A recent derivation of an explicit elementary expression for the mean number N of photons emitted per revolution in synchrotron radiation allows a systematic high-energy analysis leading to the result
1. -Introduction.
Although many features of synchrotron radiation have been well known for a long time (e.g., [1] ), there is certainly room for further improvements and developments. In a recent investigation [2] , starting from Schwinger's monumental work on synchrotron radiation [3] many years ago, an expicit expression for the mean number N of photons emitted per revolution was derived involving a remarkably simple one-dimensional integral. This allowed us to carry out a systematic analysis for high-energy charged particles. Our new expression is given by where a 0 is a numerical constant (see (13)). The relative errors are 2.2%, .64%, .017% in comparison to the well known formula tabulated in the literature (see [4] ) involving only the first term in the above formula with relative errors of 160%, 82%, 17% for β = 0.8, 0.9, 0.99, respectively, which in turn has urged us and motivated us to embark in the present investigation. Our starting point for N is derived [2] from the Schwinger expression for the power ( [3] Eq.III.6, Eq.III.7) giving:
Since the integrand factor in (1), multiplying exp(−izx), is an even function of x, only the real part of the integral in (1) contributes. It is easily verified that N = 0 for β = 0, as it should be, when integrating over x and z in (1) and by using, in the process, that
This latter boundary condition may be explicitly taken into account for the vanishing of N for β = 0 by rewriting (1) as
We first integrate over z, then over ρ and finally make a change of variable x/2 → z to obtain the remarkably simple expression
There is no question of the existence of the latter integral for all 0 β < 1. The integral develops a singularity in β for β → 1.
2. -Systematic Treatment of N for High-Energy Particles.
Although the integral expression for N is simple, the investigation of N for β → 1 is far from trivial. For β → 1, the integrand in (1) develops a singularity for z → 0. By rewriting the integrand of f (β) in (3) in a form suitable to study its behaviour for z → 0 makes its investigation for z → ∞ rather difficult. Accordingly, in Appendix A we have provided asymptotic expansions of some basic functions involved in this work. Guided by these expansions, we rewrite the integrand for f (β) in (3) explicitly as
The essential point to note in (4) is that we have factored out (1 − β 2 ) in defining g(β, z). The first term in (4) develops a singularity 1/z 2 near the origin for β → 1. The second term in (4) is independent of β and approaches a constant (see Eq.(A.11) for z → 0, and vanishes like 1/z 2 for z → ∞.
To investigate the contribution of g(β, z) to N , we rewrite the former as:
(6) g(β, z) = 9 30
where
In particular, we note that
and that (see Eq.(A.6))
Using the integrals:
we obtain from (3)-(13) the explicit expression
a 0 is given in (13) and g 1 (β, z) is defined through (7), (8) and (10).
The error term ε(β) is studied in Appendix B giving
Eq.(14) may be also rewritten as
where now the error ε 0 (β) is from (14) and (16)
for β → 1. According to Eqs. (14) and (17), we obtain the following representation for N for high-energy charged particles:
where the numerical constant a 0 is given in (13), with relative errors as mentioned in the the Introduction to be compared with the well known tabulated formula [4] . It is important to emphasize that the asymptotic constant a 0 is overwhelmingly large in magnitude and may be easily missed in a non-systematic analysis and is the very important contribution in (19).
we may rewrite (B.2) as
where (B.5) and f 2 (z), f 4 (z), f 5 (z) are defined, respectively, in (A.5), (A.9), (A.10). From the asymptotic expansions of the latter functions in (A.7), (A.12), (A.13), respectively, we infer that g 1 (β, z) − g 1 (1, z) gives a O (1 − β 2 ) 3/2 contribution to ε(β). On the other hand, from (8)-(10), we infer that g 1 (1, z) in (B.1) will give a O (1 − β 2 ) contribution to ε(β). All told we infer that ε(β) = O (1 − β 2 ) for β → 1.
